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where k (s) > ko > 0 is a piecewise-continuous function, %, is some constant, and
Hy, (y) is a Sobolev-Slobodetskii space,

Note 2, Using the explicit form of the operator K we can obtain sufficient con-

ditions for the uniqueness of the solution, can study the differential properties of the
solutions, and can also give a foundation for the Bubnov-Galerkin method,
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An asymptotic method using the presence of a natural small parameter (the
relative wall-thinness) is applied to determine the state of stress and strain of
shallow strictly convex shells of revolution subjected to an axisymmetric load,
In particular, asymptotic values of the upper and lower critical shell buckling
loads are deduced under diverse boundary conditions and loading methods, An
example of a spherical shell under uniform external pressure is examined, In
the case of rigid clamping of the edge, the known result is obtained in [1] for
the upper critical pressure, The values found for the upper critical pressures
of spherical shells are in good agreement with the results of numerical com-
putations on an electronic computer [2 — 13], and permit their continuation
into the domain of arbitrarily thin shells where the machine computation is
of low efficiency,

1, On the formulation of the problem, A system of nonlinear differen-

tial equations of axisymmetric deformation of shallow shells of revolution is considered
[14]
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with different boundary conditions on the contour
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All the quantities in (1, 1), (1, 2) are dimensionless and related to the dimensional quan-
tities by means of the reldtionships

Z=uaz, W=aw, t = ar, e? = hlay, y2 = 12 (1 — +?)
® = Ea%%F, p = Eyelq, 0 < —a?r, 0 < v < 0.5

Here Z is the middle surface of the shell of revolution, W is the deflection, @ is the
Airy stress function, p is the intensity of the external load (the pressure) p > ( and
E is Young's modulus, The small parameter &2 characterizes the relative wall-thinness
of the shell, 7 is the thickness, v is the Poisson ratio, The direction & coincides with
the direction of the exterior normal to the reference contour with radius a; o =
const > 0.

The boundary conditions 1 ~ 4 in (1, 2) correspond to: (1) movable hinge support of
the shell edge, (2) sliding clamped edge, (3) fixed hinge support, (4) absolutely clamp-
ing of the edge,

For the case of a spherical shell under uniform external pressure, the problems (1,1),
(1.2) have been studied extensively in order to investigate the state of stress and strain,
and to determine the critical pressures, However, for sufficiently low values of ¢2 = h /
aY (or equivalently, for high values of # / », where H is the shell rise), the numerical
methods applied converge weakly, and the machine computation is of low efficiency ,
Mathematically this results from the presence of the small parameter €2 in the highest
derivatives in (1,1), and is explained from mechanics aspects by the fact that the edge
effect phenomenon characterizing a sharp change in the stress resultants, moments, etc, ,
originates in the neighborhood of the boundary (and in the operating zone of concentrated
forces) of sufficiently thin shells,

An asymptotic method [15— 18], based on the smallness of the parameter ¢ , and be~
coming the more exact the smaller the value of ¢, is developed herein for the investi-
gation of the state of stress and strain of shallow shells of revolution, Asymptotic expan-
sions for the functions of the «- and v-solutions of problems (1.1), (1.2) are constructed,
and simple formulas are also deduced for the asymptotic values of the upper and lower
critical loads,

Let us define the upper critical load, Let ¢ = ¢ (r. 6) depend smoothly on some
parameter ¢, which is determined by the behavior of the structure loading and which
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we shall call the load parameter, Let us assume that ¢ (r, 0) = 0. It is well known
that for small values of ¢ a continuous branch of the solutions u (r, ¢) and v (r, 0)
exists which is uniquely determined by the conditions u (r, 0) = v (r, 0) = 0. We
call the greatest value of 0, for which the mentioned unique branch exists,the upper
critical load o* of shell buckling, (Such a value 6* is usually called the least bifurca-
tion point), In other words, o* is the least value of the parameter 0 for which another
solution corresponding to a2 new equilibrium mode will appear in any sufficiently small
neighborhood together with the main solution corresponding to the unbuckled equilibri-
um mode [1],

The parameter ¢ is introduced differently in different cases, In the case of positive
pressure, which is considered herein, it is convenient to take a value proportional to an
equivalent system of forces acting on the shell as ¢, i.e, 0 = 2¢ (1). In the case of
a uniformly distributed external pressure (g (r)=:q = const) , it is usually assumed
that 0 = ¢ [2—13], Let us note that in the case of a sign-varying pressure, such an
introduction of the parameter ¢ is inconvenient, and it is meaningless in the case of a
self-equilibrating load (¢ (1) = 0) .

Let € == (. We then have from (1.1)

—1u?y 4 Buy = 0, ugry — Oug + @ (1) = 0 (1.3)

The system (1, 3) has two solutions

1) vy = ¢67Y, u, = 0,

2) vy = —@07t, u, = 20
which satisfy Egs, (1.1) to accuracy of €%, but do not satisfy the boundary conditions
(1.2), Itis natural to expect thatas & — 0 the problems (1,1), (1. 2) have solutions
which will behave just as (1.4) everywhere within the domain and will undergo strong
changes such that boundary conditions (1, 2) will be satisfied, only in the neighborhood
of the point 7 = 1, These changes are described by functions of boundary layer type,

(1.4)

2, Construction of the asymptotics, Asympotic expansions of the solu-
tion of each of the problems (1,1), (1.2) are constructed for ¢ — (0 as
n n
v~v.§:22 gt [v; (r) + hi(r, €)l, U~ue== D &' (u; (r) + g (r,e)] (21)
i=0 i=0
The functions v; and u; are obtained by using a first iteration process analogously to
Sect, 2 in [17], We hence obtain a system (1, 3) to determine v, and U, , and the fol-

lowing system to determine v; and u; (i > 1) (2.2)
Ou; — Z w4+ Avies = 0, 2 w; —0v; + Auiny =0 (U =v_=0)
ke =i kit

Asymptotic expansions are constructed in the neighborhood of the first solution (1. 4)
to find the solution corresponding to the equilibrium mode in the subcritical stage, The
boundary layer functions %; and g; are concentrated in the neighborhood of the bound-
ary r = 1. They describe the behavior of the shell in the edge effect zone and are
sought by using the second iteration process, Proceeding just as in [17], we obtain a sys=~
tem of nonlinear differential equations for %4yand g,

ho" 4- /2 8o* — 008 = 0, g0" — goho + Boho — %:- go=0 (2:3)
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with the boundary conditions corresponding to (1. 2)
1) ko (0) = 48,7 " (0) = 0,
2) hy (0) = 9487%, £ (0) = 0 (2.4)
3) hy' (0) =0, g,/ (0) =0,
4) hy (0) =0, g,(0) =0
Let us note that the boundary conditions at infinity result from the requirement of decrea-
sing boundary layer functions,

We obtain systems of linear differential equations to determine h; and &; ., In the
case of boundary conditions 1 and 2 in(1,2), we have

W+ gilgo—00) =thi  +hiad D tThi—1h 3 gmEnt

K4 jbge=i mtne=i
+ 2 0,t'g, — 2 upit'g;=Fy, &’ — hi(8o— 60) — giho —
Ifpe=i Rl jobae=i
” , s i
- Vg (1) g = tgi_l -+ gg.*l + Z tagj -+ 2 hmgn + 2 Uit h}') +

k+jte=i m =i Mepdppe=i

+ S vmtlgy=Fa mFO nFE0 pFi {hpgle =0 (25)

¥ i 65 {

{BZ, Uml, Umis = T arg \ev L, Um} [?‘:1» =01, 2,...

with the appropriate boundary conditions

DO =—vikd 0= S| e ) @6
2} hi (0) = — v fpt, 8:i(0) = — uilr=y

In the case of boundary conditions 3 and 4 in (1, 2), it follows from (2, 3), condition 3 in
(2. 4) and (2, 3), condition 4 in (2,4) that A, = g, == 0. We then arrive at systems of
linear differential equations with constant coefficients to determine R;and g; (i > 1)

R —8ogi=fi,  &" -+Boh; — '%% i=fia 27

with the conditions {h;, g;} — 0 as {-—» oo and the boundary conditions for ¢ = 0
in the case 3 and 4 in (1, 2), respectively

do;_ ’
W0 =B | v @), @)=
. .
= [ L;zr—l + quJhl + vgi (0) (2.8

dv;_y

ki (0) = [ i ’\’U«’—1] i (0), g1 (0) = — Ui

r—
Here f; and f;, agree with #; and F; ,respectively, from (2,5)if hy = & = 0.

is substituted in the latter, In particular,we find f,; = f;, = 0 for { == 1, Then we
obtain for the principal terms of &, and g, in (2,1) in cases 3 and 4 in (1, 2), respect~
ively
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h1(1:r>=—2—%—[u (1—}—--3—>x+b(1+‘—8) y], gl(izr)=
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Here iy 0 200
o 8]/—_——9-0 ’

B =[—0,]" [(¢07)) — vpO]pmy, a= (4 —;Q )‘/2 b= (é__sg)‘/:

Evidently (2, 9) are valid only for @g << 20,2

z=e%sinby, y=e%cosbr, 7T

3, Solution of the edge effect equation (2.3). Making the substitu-
tion \
ho= —Buh, go=—0g, @=-g87% 0=(—0)k7

we obtain from (2, 3), (2,4)

a2h 1 az
R ot a g te=0, T _gi—i+Lg=0, (hgum0 (1)

with the boundary conditions

_ Q dg
1) hlmo= 5= G| = (3.2)
2) hlf=0="g—y 8l=o=10

We reduce the solution of the problem (3, 1), (3,2) to the solution of two nonlinear alge-
braic equations of infinite order by a method analogous to that elucidated (see [1], p,
52). To do this we seek the solution in the form

h= 2 amke—a(mm)rxmyk, g= 2 bmke'a('"*k)‘xmy"
kim =1 k+masl
(3.3)
z=sinbr, y=cosbr, a= (4—50 )l b=(4—;Q )-/.

Substituting (3, 3) into (3,1), and equating coefficients of xmy" to zero after having
reduced similar terms, we obtain a system of two equations to determine dg1, oy, 2100
and by,

bo1 = —(42‘ aoy + 2abay,, byo = ‘%‘ ayo — 2abag, (3.4)

and a system of 2 (n - 1) linear algebraic equations to determine @p, n and b, ,
m+k=n m>0, E>0 n>2):

Ami@mi + Bmk@ms1, k-1 + Comklmo1, k01 +- Dpx@my2, k2 + (3.95)

1
—+ Emkam—z, k42 + bm" =3 2 b”b“,

r+l=m, t+p==k

Apibm,x + Bmkbmia, k1 Comkbmt, k1 + Dmibmyz,k2
+ Emikbm_z, k2 + -g— bk — Amk = 2, a;bip

r+l=m, t+p==k
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Here

App=20a*(m + k) — 0 2km +m -+ k), B, =—2abm+1) (m -+ k)
Cor=—Bun, Dpp=0(m+2)(m-+1), Epp=0(+2k+1)

The system (3, 5) is written in recurrent form and permits finding the unknowns a;; and
bi; whose subscripts satisfy the condition i 4+ j = m + k if aijand b;; with sub-
scripts { 4+ j <C m - k have already been found, We use the boundary conditions
(3.2) to determine the unknowns a4, and a;,. Correspondingly, we obtain for cases 1
and 2 by using (3, 3)

DS tme=-&, a3 kb — b N b =0 (3.6)
m==al k=1 k=0

2) Zamo=“g‘v meo=
m=1 m=1

Here @, and b;; (m + k > 2, i 4 j > 1) are expressed in terms of a,; and @1
successively by means of (3,4) and (3. 5). Hence,(3,86) are a system of two nonlinear
algebraic equations of infinite order in d4; and a,q.

Let us seek the solution of problems (3, 1), (3,2) by limiting ourselves to a finite num-
ber of terms in the sums (3. 3), which results in the solution of nonlinear equations of
finite order,

As ever in such cases, this number N is selected from the principle of practical con-
vergence, Equations (3,4) — (3, 6) corresponding to the given value of IV , arc solved on
an electronic computer by using an algorithm combining the method of continuation in
the parameter () and the Newton method, To do this (3, 6) are written as

Fag (¢)s ayo (@), U) = 0, G (ay (¢), ay (Q). Q) == 0 (3.7)

For (J = ( the system (3, 7) has the trivial solution ay; == a;, -~ U. Let us set

(@ = AQ. Then the zero solution is approximate if A() is sufficiently small, and it is
refined by the Newton method, Iteration is carried out for () -= A() until a root is
found with the given degree of accuracy, Afterwards, still another step is taken in (J
and for () = 2A() the value obtained in the preceding stage is considered the approxi-
mate value of the root, etc, On approaching the bifurcation point (/* the derivative
0ay, | 0Q) starts to grow strongly and then it is necessary to go over to motion on d;
or a9, which permits the detrmination of (/*,

A program in which automatic selection of the spacing associated with the number
of iterations by the Newton method is provided, was compiled for the Odra-1204 elec-
tronic computer by using the algorithm mentioned, The values ()* .. ().793 in the
case of boundary conditions 1 in (3.2) and (J* - {.760 in the case of 2 in (3.2)
were found, (The next digits are not written down although the values of the roots were
sought to 107" accuracy for .V - 13. The time required to obtain (J* was 20 minutes),

The computations were checked in both cases by using the first integral

! N o » » .
gy g gh— Lgr 0,y AU (5.8)

(1 dt

which is obtained from (3,1) if the first equation is multiplied by /', and the second by
—g’, they are added and integrated between T and co. Assuming T (), and taking
account of (3, 2), we find the verifying formulas corresponding to cases 1 and 2 from
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(3.8)
1) »*(0) + Qg (0) = 0,
2) B (0) —g™(0) =0

Let us note that for the mentioned accuracy of the calculations in the neighborhood
of (J* the left sides of (3, 9) yielded values between 2 x 107 and 5 x 1075,
Returning to the variables @, and 8, we obtain values corresponding to the least

bifurcation points .
1) Y04 = g, = 0.3965 6% (1),
2) Y0, = ¢, = 0.883 02 (1)

4, Asymptotic value of the upper critical load, The result of Sect,
3 permits the asymptotic value of the upper critical load to be obtained at once in the
case of a free edge support, This value can be refined if it is sought as a perturbation-
theory series
*=20%(1) =0+ €5 ... +& "5+ ... 3o = 2 (1) (4.1)

We hence have for the corresponding function ¢ (r)
P¥(r) = @o(r) + "o (e + &% + ... &', .. )0t

Then an additional member '/, 0;7* will appear in the left side of Eq, (2.2) in con-
structing the asymptotic expansions (2,1), on which all the subsequent functions of the
iteration processes will depend, starting with the number {. The values o; (i > 1)
are determined from the conditions for solvability of (2.6), (2. 5). No numerical analy-
sis is made here nor are terms sought for { > 1 in(2,1) and (4.1).

Writing (3,10) and (4. 1) in dimensional variables, we arrive at the following result,
Let ¢ (r) 07! (r) be a sufficiently smooth function for 0 <C r <C 1. Then for suffici-
ently thin shells with free edge support, the values of the upper critical load £,* are
determined from the formula

. . .o a, Eha=26%(1)
P.*= 2§Pn (§) EdE = 7;(—‘—:——\},)

0
n=1,2, o, =0.3965, u,=0.883, P=Ern"1a™0>(1)s

(3.9)

(3.10)

{1 4+ a8 + agne® 4+ ... (4.2)

The subscripts n=1,2 here correspond to boundary conditions 1 and 2 in (1,2). In
the case of rigid clamping of the edge (boundary conditions 3 and 4 in (1, 2)) the influ-
ence of the edge effect is considerably weaker and the principal term of the asympto-
tics in the edge effect zone is on the order of €. It is determined uniquely from (2, 9)
for ¢ (1) << 202 (1). For ¢ (1) = 202 (1) , Eas. (2. 7) have no decreasing solutions
and the conditions at infinity are not satisfied,

In order to show that 0, = 2¢ (1) = 407 (1) is an asymptotic value of the upper
critical load in the case of rigid clamping of the shell edge, let us alter the process of
constructing the asymptotics of Sect, 2 in the edge-effect zone somewhat, Namely, let
us retain the method of obtaining the equations as before, but let us satisfy the approp-
riate boundary conditions exactly in each stage, This results in the determination of
hy and g, from the system (2, 3) with the appropriate boundary conditions for the cases
3 and 4 in (1,2)
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3) ho' (0) + evhy (0) == & [(907") — vgb ey, go" (0) — evgy (0) = 0

4) ho' (0) + evhg (0) =& [($071) — vpB™ ey,  go(0) = 0 (4.3)
The problems(2,3) and (4, 3) are solved exactly as in Sect, 3, The values of the least
bifurcation points are obtained sufficiently close to 202 (1) and are the closer, the
smaller the & The method of constructing the next terms of the asymptotics is the same
as in the case of a free edge support, Therefore, for sufficiently thin shells with rigid
clamping of the edge, the values of the upper critical loading P, * are determined from
the formula .

Pr=2\p*@E e = L8
(S p (E)g g Vm [1' + alns + aZnez + A '] (4'4)

(n = 3, 4. The coefficients a;, are not found here),

6. A spherical shell under uniform external pressure, In thiscase
we must set , 2
1 s A a B qE < h >
- = —Ar, A= L —
@(r) =—qr% O , 7 P VR s\
in formulas from Sect, 2 — 4, We then obtain for the values of the upper critical buck-
ling pressure p,* of sufficiently thin shallow spherical shells from (4, 2), (4. 4)

a E

Pt = s (5 ) 1+ aine + ae + .. (5.1)

n=1,234 «a,=0.3965 o,=0.883, of=ct, =2

Here, as in Sect, 4, the subscripts n = 1,2, 3,4 correspond to the boundary conditions

1—-4in(1,2). Values of pn* calculated taking account of just the first member in(5,1)

were compared with the results of the

upper critical pressures obtained on digi-

__Y—_— - 10 tal computers by various authors, The dis-
///

crepancy did not exceed 7% for the least
values of the parmeter eA~1 = h (2YH)™?
presented in [4, 12] for n == 1,2 , Formula
gy (5.1) in the case of boundary conditions
L ‘ 3 and 4 in (1.2) was obtained earlier by
a geometric method (see [1] p, 145), This

2198
is a well-known result of linear theory,
7 however it is stressed in [1] that the for-
2 5 w 5op - - .
mula must be applied for sufficiently thin
Fig, 1 shells, This result is verified for boundary

conditions 4 in (1, 2) by the results in [8]
for 3.5x10% < eh~1<” 5x10~3 (the values of the upper critical pressures for lesser A~}
are not presented),

In the case of conditions 3 in (1, 2), on the basis of the data known to the author [12],
it is still not possible to assess the behavior of py* for eAt =h (2yH)™2 > 7x1073 as
g — 0. For this case the values of the upper critical pressure for & < A/30 are less than
the corresponding values of p.,* , and in order to emerge on the asymptotics it is neces-
sary to carry out computations for lower vatues of €. A dependence of the upper criti-
cal pressure on the geometric shell parameters is presented in Fig.1 constructed by using
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the results of [4, 8, 12] as well as (5,1), The support conditions 1 — 4 in (1,2) correspond
to curves I—4 The value of the parameter p,*/ p, is laid off along the vertical axis,
and the value of the parameter p along the horizontal axis, where

2 2
Further, a rigorous proof of (5, 1) is given for P3*.1In this connection, let us first prove
the following,

Theorem, Let & — 0. Then for arbitrarily small § > 0 (8 = O (g)) , there
is a value &, such that the dimensionless value of the upper critical pressure g* satisfies
the inequality ¢* > 4A2 — § for 0 << & << &; in the problem (1.1), 3 in (1.2).
Hence, for all ¢ < 4A* — & in the neighborhood of Ve, U from (2,1) there exists
just one solution, and the estimates

max, |v — v | << me", max,|u—u.|<me" (5.2)
o<r<1, n=142,...)

are valid,
Proof, As follows from Sect, 2, the asymptotic expansion (2,1) can be represented
in the case of the problem (1,1), 3 in (1.2), as

”s=—2—q;vr+8~°1 (r, 8. u, =gesy(r, &) (5.9
n n
s1(r, &) = ZI o' (h -+ ;) +2"qu. s2(r, g) = z e (g + B) 4 e"pe

i=1 =1
Here h; and g; are defined in Sect,2, wi and f§; are constructed exactly as in Sect, 2
of [17], and the sufficiently smooth arbitrary functions ¢, (r) and ¢, (r) correspond to
the single requirement that the right sides of (5, 3) must satisfy the boundary conditions
3 in (1,2) exactly,

Let us first prove the validity of the asymptotic expansion for ¢ << 4A\2 — 6. To do
this, let us use Theorem 4,2 in [18], The method of obtaining the a priori estimates
needed for compliance with the conditions of this theorem is analogous to [17], Con-
sidering the problem (1,1), 3 in (1, 2) as a functional equation P (V) = 0, as in [17],
we obtain the estimates

ki

| — qr _
1PV, < g™ P <. Vo= <T Lesy, 832> (5.4)
It is somewhat more difficult to obtain the estimate

[PIVEI]_I | < eed, P'VE )= ]‘ e24e — (es1 + Ar)u, &2du — %— u 4esgu - espp - Ao “

) ) .5
Here Pye is the Fréchet derivative on the element Vs. )

Let us consider the system of equations
Py M=1f  f=@), V=09 (5.6)

We multiply the first equation in (5,6) by (8;» — u), and the second by &,v - u, where
8, is some small positive number, and we integrate between zero and one and add, We
consequently obtain | 1
3 .19 2 oyt Ll u? Ir - 2 —_—yp2 —_q61 2d
613-[S <rz/ 4 e _r> dr - viu2 (1) — vv (1)] 5, Sru r4-

r
0 0
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|
ruvdr e \ (O15912 -+ sauv -syv2sped) drg-

{

Ay =

1
)= —_— ’/
+7\,Sr(u? oY) dr <
0

0 0

1
+ 2veu (1) o (1) = \ 16y 4+ 1) 0 - Befoe— fr) ] dr .7

{

Let us note the following inequalities:
1 1
e S 815212+ spuw -1- 5102 4 syue) dr < 8 § r(u? -+ v?) dr
b 0
1 1
Se=0(), 20()u(d)<o2()+12(1), (1)< a23 ro’2dr 4+ (2 + a?) \ ro¥dr  (5.8)
b D
The first two inequalities are evident, but the third follows from the chain of relation-
ships 1 1
v()y=[rv (r)]?,=1 =2 S (r2v'e - ro?) dr @ S rip’idr -
0 0
1 1 1 1
+ .1_ S rivtdr 4 2 S rofdr azg ro"dr 4 <2 + —1—> S ro*dr
2 a?
U [\ ] 0
Now, setting 42 = 1/2 v™1§, (1 + 8,)"*, we deduce from (5, 7) using (5. 8)
f1
L?y —8:—e2(1--8))2v— 2e2 (1 + 826,71 — %ﬁ.} S r(u? 4 v?)dr 4
0

1

1
2 w2 — _
+ 6128 § <r v’ + ru'? - ) dr — 2q}\, §ruvdr< VZ| f"L,"V“L, (9.9

let 8; =& and ¢ << 4A (A — 2 Kg), where K >0 and

|52_82(1+s)2v—2ev'3(1 -4*8)3—3—;\< Re

We then find the following estimates from (5, 9)
1

IVl SRR, (00 St e ) ar<s,

0
Hence, we have in the interval 0 r <1
max, | v |-+ max, |u| < mge?

and the estimate (5, 5) is obtained from (5, 6), By using (5,4) and (5, 5) we verify that
all the conditions of Theorem 4, 2 from [18] are satisfied if » > 7 and ¢ is sufficiently
small, The estimates (5,2) are now proved by using the triangle inequality,
Therefore,as & — 0 and ¢ < 4Ah (A — 2 Kg) there exists a solution of the problem
(1.1), 3 from (1, 2) for which the asymptotic expansions (5, 3) are valid, Let us note that
the L, V,Kantorovich theorem on the convergence of the Newton operator method, from
which Theorem 4,2 from [18] has been obtained, assures the uniqueness of this solution
in the neighborhood of (5, 3). This latter results in the deduction that as g — 0 the
value of the upper critical pressure is ¢* 2> 4A* — 8, where § = O (¢). The theorem
is proved,
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Furthermore, let us note that for ¢ << 4A> — §, where § = O (e) as & — 0, the bound-
ary values v, and u, from (5, 3), and therefore the solution of the problem (1,1), 3 in
(1.2) as well, tend, respectively, to the following values:

[ v 7

q
vlr=1=— o9 ! u|r=1=0, 1_,.—1 —"—}r=o< >0 (5.10)

For any value of ¢ the problem (1,1),(5.10) has the trivial solution p=—1/2 gr A~
u=0 corresponding to the membrane equilibrium mode, It has been shown in [20,19]
that from one to three new solutions of the problem (1,1), (5.10) can appear in the left
semicircle of the least eigenvalue of the corresponding linearized boundary value prob-
lem (4A* — W, p), where p is some small positive number, Therefore, ¢* = 4A? is a
bifurcation point as ¢ — 0.

6, On the asymptotic value of the lower critical load, To find
the solution corresponding to the mirror buckled equilibrium mode, the asymptotic ex-
pansions (2, 1) are constructed in the neighborhood of the second solution of (1,4). To
determine %, and g,we obtain a system of edge effect equations

ho” 1 1/280* + 8080 = 0, £0" — goho — Bolty — %& 8o =0, {ho, 8o} — 0  (6.1)
with boundary conditions corresponding to (1, 2)

1) ko (0) = —@8,™", 8y’ (0) = 0,

2) ho (0) = —48,™", g, (0) = —20,

3) kY 0) =0, g, (0) =0, 4) Ry (0)=0, g, (0) = —28, (6.2)

The subsequent terms of the asymptotics are determined exactly as in Sect, 2, Solving
the problem (6,1), (6,2) by the method in Sect, 3, and using reasoning analogous to
Sect, 4, we arrive at the following result,

Let @ (r) 07! (r) be a sufficiently smooth function for 0 <C r <C 1. Then for suffi-
ciently smooth thin shells, the value of the lower critical load P, is determined by
the formula 8 Eha6%(1)

l)*,LE2§p*n(§)§d§= W_T-———Ti1+b1"8+“']
: 0 (1—v)

B, — — 0.3965, B, = —0.057, By=—2, B,=2.58-10"

The subscripts n = 1, 2, 3, 4 correspond to the boundary conditions 1 —4 in (1,2).
Here the lower critical load is defined as the least value O, = 2@, (1) at which a
continuous unique branch of the solution u (r, 0) and v (r, 0) corresponding te the
mirror buckled equilibriurn mode exists, Let us note that this definition is not complet-
ely rigorous since there is no proof of the fact that 0, is the value of the least load per-
ceivable by the shell [1],

Therefore, in the first three edge support cases the value of the lower critical load is
negative, and only in the case of absolutely clamped edge it is positive, In the case of
a hinge supported edge (boundary conditions 1 and 3 in (1,2) ), this fact has a rigorous
mathematical foundation [17, 21].

The author is grateful to I, I, Vorovich, V, I, Iudovich and M, Iu, Zhukov for aid in the
research,
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ON OPTIMAL THICKNESS OF A CYLINDRICAL SHELL LOADED BY EXTERNAL PRESSURE

PMM Vol, 36, N4, 1972, pp,717-1725
L, V. ANDREEV, V,I, MOSSAKOVSKII and N, I, OBODAN
{Dnepropetrovsk)
(Received April 20, 1972)

The problem of an optimal, from the weight viewpoint, thickness distribution
law along the length of a cylindrical shell loaded by axisymmetric external

pressure is examined when collapse occurs because of buckling, The appara-
tus of the generalized maximum principle is used for the solution [1],

1, The problem is formulated in the terminology of the theory of optimal processes,
The state of the shell during loading is given by the phase coordinates @; (j = 1,2, ...,
6) at each instant o, where o is the dimensionless length coordinate, A change in the
phase coordinates, as & changes, corresponds to shell motion, This process can be con-
trolled by changing the shell thickness 6 (). The highest derivative 8" (@) [2] in the
motion (stability) equation is taken as the control function, and the functions § (o), ...,
o™! (@) as the phase coordinates, The problem is to seek a function & (a) satisfying
the stability equations, as well as boundary conditions and constraints, such that the mi-
nimum of the quantity L/R

J= { s@da
0
would be achieved, Here R and L are the shell radius and length, respectively.

Constraints are imposed from structural or engineering considerations, as well as from
the strength condition 6 (@) > Opyin 2nd the additional condition associated with the
selected model of shell analysis 6" (o) <C @ . An optimal shell is sought in the class
of admissible shells, which can be computed by using the Kirchhoff-Love hypothesis,
Hence, the stability equations of classical shell theory are taken as the trajectory equa-
tions, and a constraint from the condition [3]

1 dé () 8max
R da < R (1.1)




